EXPLICIT ISOGENY THEOREMS FOR DRINFELD MODULES
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ABSTRACT. Let F = F(T), A = F,[T]. Given two non-isogenous rank r Drinfeld
A-modules ¢ and ¢’ over K, where K is a finite extension of F', we obtain a partially
explicit upper bound (dependent only on ¢ and ¢') on the degree of primes g of
K such that P,(¢) # P,(¢’), where P, () denotes the characteristic polynomial of
Frobenius at p on a Tate module of x. The bounds are completely explicit in terms of
the defining coefficients of ¢ and ¢’, except for one term, which can be made explicit
in the case of r = 2. An ingredient in the proof of the partially explicit isogeny
theorem for general rank is an explicit bound for the different divisor of torsion
fields of Drinfeld modules which detects primes of potentially good reduction.

Our results are a Drinfeld module analogue of [16], but the results we obtain are
unconditional because GRH for function fields holds.

1. INTRODUCTION

Let A=TF,[T], F =F,(T), F be a fixed algebraic closure of F', K a finite extension
of Fin F, K the algebraic closure of K in F', O the ring of integers of K, and F, a
finite field of order q.

By a prime g (or place) of K, we mean a discrete valuation ring R with field of
fractions K and maximal ideal p, and v denotes the discrete valuation associated to
a prime p of K. For each place v of K, we fix a choice of K,, and extend v to K,,
which by abuse of notation, we also call v. Also, when we speak of a finite extension
of K,, we assume they are initially given as subfields of K,,.

Let oo be the infinite prime of F' with corresponding discrete valuation v (f/g) =
deg g — deg f, where f,g € A. Let SE be the set of the infinite primes of K lying over
00, and let 5o € SE have corresponding discrete valuation vs.

Let 7 be the map which raises an element to its ¢g-th power. A Drinfeld A-module
¢ over K is given by an F,-algebra homomorphism ¢ : A — K and an F, -algebra
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homomorphism
¢:A— K{r}
such that ¢, has constant term i(a) for any a € A, and the image of ¢ is not contained
in K.
A rank r Drinfeld A-module ¢ over K is completely determined by
or = i(T) + ar(P)T + -+ + a,_1 ()7 + A)7",
where a;(¢),a, = A(p) € K for 1 <i <r —1. We call A(¢) the discriminant of ¢.

For any monic a € F,[T], we have

M—1
(1) ba =i(a) + > ai(d, a)7’ + A(g)@" /DM
i=1

for some a;(¢,a) € K, where M = r deg a.

For any a € A,a # 0, we define the A-module of a-torsion points as
la] = {X € K | ¢u(N) = 0}.
If I is a non-zero ideal of A, we similarly define the A-module of I-torsion points
B[I] = {\ € K | ¢a(A) = 0 for every a € I}.

We have that ¢la] >~ (A/aA)" if ¢ is of rank r [13, Prop. 12.4]. Let K, := K(¢[a])
be the field obtained by adjoining a-torsion points of ¢ to K and let K, ; := K(¢[I]).

In the following, we briefly explain the definition of good reduction of a Drinfeld
module. For more details, refer to [9, 21]. Let ¢ be a rank r Drinfeld A-module over
K and let p be a prime of K. Let O, be the valuation ring of u with the maximal
ideal p and residue field F,, := O, /. We say that ¢ has integral coefficients at p if ¢,
has coefficients in O, for all @ € A and the reduction modulo g of these coefficients
defines a Drinfeld module over . The reduced Drinfeld module is denoted by ¢¥.

We say that ¢ has good reduction at @ if there exists a Drinfeld module ¢ over K
which is isomorphic to ¢ over K and v has integral coefficients at p, and ¥ is a
Drinfeld module of rank r.

By [20] (cf. [9, Theorem 4.10.5], cf. also [10, Theorem 3.2.3] for one direction), we have
that ¢ has good reduction at g if and only if the Gx-module ¢[L£¥] := U,,>10[L£™] is
unramified at p, where G is the absolute Galois group of K and £ is a prime ideal
of A different from gp. This is the analog for Drinfeld modules of the classical result
of Ogg-Néron-Shafarevich in the theory of abelian varieties.

If ¢ is a Drinfeld A-module defined over K, and all its defining coefficients a;(¢) lie
in O, then we say that ¢ integral over O. If ¢ is integral over O, then it has good
reduction outside any set of primes S of K which includes the primes lying over oo



and the primes dividing the discriminant A(¢) of ¢. In particular, the G g-modules
¢[£%°] and ¢[£] are unramified outside S U {primes of K lying over £}.

Let o be a finite prime of K. The p-torsion points of ¢ in K give rise to a represen-
tation

Poo - Gr — Auta,(d[p]) = GL.(A/pA)

where Gj¢ is the absolute Galois group of K. Let Frob, € Gal(K/K) denote a
Frobenius conjugacy class at an unramified prime g of K. If ¢ has good reduction
at @, then the £-adic Tate module T¢(¢) of ¢ is unramified at p if p # £. Let
a,(¢) denote the trace of Frob,, on the T¢:(¢), and more generally, let P,(¢)(X) be
the characteristic polynomial of Frob,, on the Ty(¢). It is known that a,(¢) and
P,(¢)(X) are independent of £ [9, Theorem 4.12.12].

The following is the Tate conjecture for rank r Drinfeld A-modules over K which is
proven in [18].

Theorem 1.1. Let ¢, ¢’ be rank r Drinfeld A-modules over K and Ag be the £-adic
completion of A. Then the natural homomorphism

Hompg (¢, ¢") @4 Ag — Hom g (Te(0), Te(9'))

is an isomorphism, where To(x) is the £-adic Tate module of *.

A consequence of the Tate conjecture is the isogeny theorem which states that two
Drinfeld A-modules ¢, ¢’ over K are K-isogenous if and only if P,,(¢)(X) = P,(¢')(X)
for all but finitely many primes p [17, Proposition 3.1].

We prove the following partially explicit and effective version of the isogeny theorem
for rank r Drinfeld A-modules over K. For a Drinfeld A-module ¢ and a place p of

K, define
Tk o(¢) = inf {—vp(Aai(gb)) ci=1,... ,7’} :
q—1
For any extension L/F, let v, = [Fy : F,]. It is known that the constant field of
Kyior == K(¢[a] : @ € A non-zero) is finite over I, (cf. [4, Lemma 3.2]) so we may
define 74 = yk,,,.. More precisely, let gy« = [Ks(Agx) : K], where Ay « is the
lattice associated to the uniformization of ¢ over C's,. Then we have that

Yo < gp = min{gs s : 0 | 00} .

One can bound ¢4 & using knowledge of the successive minima of the lattices Ay s
associated to ¢ [6, Proposition 4(i)]. Unfortunately, an explicit bound for these
successive minima is not currently known except in the case of rank < 2 [2], so this
term is currently inexplicit in general.



Throughout, In z denotes the natural logarithm of z, log, = the logarithm of z to base
q, and log; x = log, max {x, 1}.

Theorem 1.2. Let ¢y, o be rank r Drinfeld A-modules which are integral over O
and not K-isogenous. Let S be the set consisting of the primes of K lying over the
prime oo and the primes dividing A(¢1)A(ps). Suppose o € S is a prime of K of
least degree such that P,(¢1) # Po(¢2). Then

4
(2) degy p < max {m_o (C’w + W + ¢854, 10g, W) , Smax {1 + 2log, s, 7}} ,

where

s = the geometric extension degree of K/F
mo = VK

cr=2r+r+1

d, = ¢, + log, 86rs*(g + 1)

_ _In(gd,)
Sar = In(qd,) — 1

4
Cqr = log, 86rs*(g + 1) + ¢, (1 + Sqr logq —|— log, d ) + ¢854, 10g, log, d,

(Cbi) = A(¢i) 1=1,2
= log, (Ak (91, ¢2) +2degy radx A(P1)A(d2)) + gy 9,0
)=

Ak (1, 02) = = Tico(dr) degrev = Y Tieu(2) degye v

degy radg x = Z degp v
v(z)#0

(the sums are over every place v of K ).

Note that any Drinfeld A-module defined over K is isomorphic over K to a Drinfeld
A-module which is integral over O. In order to reduce the bounds given by the above
theorem, in particular the quantity deg, radx A(¢p1)A(¢2), one should use minimal
models of ¢; and ¢y (cf. [19, Section 2]).

The proof follows the strategy in [16] as adapted to the Drinfeld module situation
with the notable difference that the effective Chebotarev Density Theorem we use
[12] is stronger and unconditional because GRH holds for function fields. Also, unlike
the number field case, it is necessary to deal with wild ramification when bounding
the different divisor. The bound we obtain on the different divisor is completely
explicit in terms of the defining coefficients of the Drinfeld modules involved, unlike



the results in [6], which are effective but not explicit. In addition, the bounds are
sensitive to primes of potentially good reduction, unlike the bounds in [17].

We discuss some of the differences between our method and [6] in more detail later
in Section 7. In the rank 2 case, it is possible to make explicit the quantities involved
in Gardeyn’s bounds for the different divisor of torsion fields, by determining the
Newton polygons of exponential functions attached to Drinfeld modules [2]. However,
the computation of Newton polygons grows in complexity for higher rank, so new
techniques using weaker information will likely be required to obtain explicit bounds
for successive minima so we can apply the bounds of [6] for the different divisor and
ge- Further remarks about this will be made in the concluding section 7.

2. PRELIMINARIES

Let L be a finite extension of K, and O be the maximal order of L, i.e. the integral
closure of O in L. The constant field Fy, of L is the algebraic closure of F, in L. The
geometric extension degree of L/K is the degree of L/K’, where K’ is the maximal
constant field extension of K in L (i.e. [L : K|/[F, : Fg]). We say L/K is a geometric
extension if K = K'.

For a prime ideal B of Op, we let deg; B be the F;-dimension of the residue class
field Fr o := OL/B of B, extending this to a general ideal I of O by additivity on
products. For a in Op, we define the degree of a by deg; a := deg; (a), where (a) is
the principal ideal of O generated by a.

More generally, let 5 be a prime of L, O » the valuation ring of B, and F g =
Op.%/B the residue class field of ®B. Then the degree of 9B is defined to be deg; B :=
[Frs : Fr], the Fr-dimension of Fj . We extend the definition by linearity to a
divisor ® = ) yneB of L by deg;, ® = > g nydeg; B. The finite part Dy of a
divisor D = ) neB is the divisor )y, neB.

Let i)k : Div(K) — Div(L) be the conorm map from divisors on K to divisors on
L, defined by

ik(p) = e(B/p)B

Blp

for every prime p of K, and then extended by linearity, where e(8/p) denotes the
ramification index of B over ‘B.

For B a prime of L lying over the prime g of K, denote by f(8/p) the inertia degree
of B over .



Lemma 2.1. Let L/K be a finite extension, ® a divisor of K, and *B is a prime of
L lying over the prime p of K. Then

degy ip/k® = n'degy D,

deg, B = []F(L /p)] degy

where n' is the geometric extension degree of L/ K.
Proof. cf. [13, Proposition 7.7] O

Let L/K be a finite extension. Writing divisors in terms of places instead of primes,
the different divisor ®(L/K) of L/K is defined as

D(L/K) = Y w(D(Lu/K)w

and its degree is given by

deg; O(L/K) = Zw L,/K,))deg; w,

where w ranges through all normalized places of L, and D(L,/K,) is the different
ideal of Ly, | K,.

For convenience, we also define the degree with respect to K of ®(L/K) as
deg O(L/K) = Zmax{v L,/K,)) : w|v} degy v,

where v ranges through all normalized places of K. Similarly, we define the degree
with respect to K of ©y(L/K) as

degy Do(L/K) = Zmax{v L,/K,)) : wlv}degy v.

vfoo
Lemma 2.2. Let L/K be a finite extension. Then
deg; D(L/K) < n'degy D(L/K),

where n' is the geometric extension degree of L/ K.



Proof. By the definition, we have
deg; D(L/K) :Z (D(Lw/Ky)) deg w

—ZZ (Ly/Ky)) deg; w

v wl

- ZZ (Lo/Ky)) (w/v)f(w/v)m degy v

v wl

1
gm;max{v(D(Lw/K w|v}z (w/v) f(w/v)degy v

wlv

= n'Zmax{v(D(Lw/Kv)) cwlv} degr v =n"deg D(L/K),

where F; and Fy are the constant fields of L and K respectively, f(w/v) denotes the
relative degree of w over v, and we use the identity

[L: K] = e(w/v)f(w]v),
wlv
which is valid as our constant fields are finite and hence perfect [13, Proposition
7.4]. O

Lemma 2.3. Let M/L/K be a tower of finite separable extensions. Then the different
divisor satisfies the following transitivity relation,

D(M/K) =D(M/L) + in/1D(L/K).

Proof. Refer to [15, Proposition 8, Chapter I11.4]. O

Lemma 2.4. Let K be a local field with ring of integers O and L/K be a finite
extension of K with ring of integers Or. Let o € Oy be such that L = K(«) and
suppose f(X) € O[X] is the minimal polynomial of a over K. Then the different ideal
D(OL/0O) divides the ideal (f'(c)), with equality holding if and only if O = Olal].
Furthermore, we may replace f(X) by any monic polynomial g(X) in O[X] which «
satisfies.

Proof. cf. [15, Corollary 2, I11.6]. For the final remark, we note that g(X) = f(X)h(X)
for some g(X) € O[X] so that (¢'(«)) = (f'(a)h(a)) C (f'(«)). O

Lemma 2.5. Let E/K and L/K be finite extensions of local fields, with O the ring
of integers of K, O the ring of integers of E, Ogy, the ring of integers of EL, O,
the ring of integers of L.

Then the different ideals satisfy D(EL/L) | Ogr, - D(E/K).



Proof. Suppose that Op = Og[z] for some x € B so that £ = K(z) (cf. [15,
Proposition 12, I11.6]). Let f € Ox[X] be the minimal polynomial of z over K.

Now FL = K(z)L = K(z) and = € Ogy.

As f € O[X] is monic and = € Oy, is a root of f, we may apply Lemma 2.4 to get
that D(EL/L) | Ogr - f'(x). But as O = O[x], we have that D(E/K) = Og - f'(z).
Hence, Ogy, - f'(x) = OEL-Og - f'(x) = Ogr, - D(E/K). The result thus follows. O
Lemma 2.6. Let E/K and L/K be finite extensions of global fields. Then

D(EL/K) < ipp®(E/K) + ipriD(L/K).

Proof. This follows by localization and applying Lemma 2.3 and Lemma 2.5. U

3. EFFECTIVE CHEBOTAREV DENSITY THEOREM
Lemma 3.1. Let K be a finite extension of F' = F,(T') with constant field F,, where

F, is a finite field of order q, and let g be the genus of K. Let S(N) be the number
of primes p of K with deg, ¢ = N. Then

N N

q 3\ 4\ ¢
N)y——|< (2g4+1+(294+=) =) =.

| S(N) Ny_ (g+ +(g+2>q)N

Proof. From the Prime Number Theorem for L [13, Theorem 5.12], we have that

q~ g

We recall the proof in loc. cit. to make the constant explicit.

Let Zk(u) be the zeta function of K. Using the Euler product decomposition of
Zk(u) and [13, Theorem 5.9], we obtain

ZK(U) _ Hzil(l _ ﬂ-iu) _ H(l i ud)—s(d)'

- —qu L

Taking the logarithmic derivative of both sides, multiplying by u, and equating coef-
ficients of u” yields the relation:

2
" +1- iwgv = ds(d).
=1

d|N



Using the Mobius inversion formula yields

= uld)g7 +0->" p(d) (ZW?) -

d|N d|N

Following the argument in [13, Theorem 2.2], we obtain

|z

S ud)g® — ¢V <q* + Ng

d|N

Similarly, using the Riemann Hypothesis [13, Theorem 5.10], we obtain

Zp, (ZWJJ) < 2gq2 +29Nq%

d|N

It follows that

INS(N) — ¢"| < (29 + 1)g% + N¢5 +2gNgT
SO
N ﬂ
¢ | 29+1 x N q? N N
(3) ‘S(N) AR q2 —l—qS +2gq+ < i (2g+1—|rq6 —|—29q4

Since % < 5 for z > 1, (3) is less than or equal to

N

qz 3\ 4
— (2 1 2 -] =].
N(g+ +(g+2>9)

The next theorem follows from the effective Chebotarev Density Theorem in [12,
Theorem 1].

Theorem 3.2. Let K be a finite extension of F' = F, (T') with constant field F, and
the genus g, where ¢ = q;"°. Let E be a finite Galois extension of K with Galois group

G, Fym the algebraic closure of F, in E, and K' = Fm K be the mazimal constant
field extension of K in E.

O

Let C C G = Gal(E/K) be a non-empty conjugacy class in G whose restriction
to Fym /F, = K'/K is 7%, where T is the Frobenius map 7(x) = x?, and D be the
different divisor of E/K'. Let Y be the divisor of K which is the sum of the primes
of K which are ramified in E, and suppose X' is a divisor of K such that X' > X.
Let B = max {degy X', degp®, 2| Gal(E/K")| —2, 1}.



IfN > Zlog, 5 (B> + B(29+ £ +3) +2(5g + £ +3)) and N = k (mod m), there
is a prime o ¢ X' of K such that degy o = N and Frob, =C.

Proof. The situation at the outset is that we start with F' = F  (T") and K a finite
extension of F' with possibly larger constant field IF,, where ¢ = ¢{/. Next, we replace
F =F,(T) by F = F,(T) so that K is a geometric extension of F' = F (7). This
allows us to use Lemma 3.1 without modification, but now ¢q is replaced by g¢.

Another remark is that if there exists a prime p ¢ ¥’ of K such that deg, ¢ = N and
Frob,, = C, then it follows that C restricted to K'/K = F m /F, is 7 by [12, Lemma
1]. Since Gal(F,n/F,) cyclic of order m, we have that 7% = 7% in Gal(F,n /F,) if and
only if N =k (mod m).

Let F,m be the algebraic closure of F, in E so K’ := Fm K and E/K' is a geometric
extension. Let D := degpy® and ¢ = degy ¥'. Let m(NN,%’) be the number of
primes p ¢ Supp ¥’ of K with degy ¢ = N and 7e(N,Y') be the number of primes
o ¢ Supp ¥’ of K such that degy ¢ = N and Frob, = C.

It suffices to find a lower bound Ny for N such that for N > Ny, wc(N, Y') is positive.

In fact, the genus g of K over F, is the same as that of K’ over Fym (refer to [13,
Prop. 8.9]). We know that the genus of K’ over Fym and the genus of E over Fym
are related by the Riemann-Hurwitz Theorem [13, Theorem 7.16]. Thus, letting gg
be the genus of E, we have

(1) g = 1+ | Cal(B/K)|(g — 1) + 5D,

The effective Chebotarev Density Theorem in [12, Theorem 1] gives

ML NS —a < me( ) < T ) o,
|G| |G|
where
N
Il npe 1 I+ q,

The condition N =r (mod m) ensures C restricted to Fym /F, is 7.

Remark 3.3. When ¥’ = ¥ this is what is proved in [12, Theorem 1]. However,
the proof carries over with X replaced by 3. In particular, the key identity (2.1) still
holds with y € Y, unramified replaced by y € Y, not in the support of ¥’ > 3.

We have that
/
7(N,¥) > S(N) — deg]{; >

10



Thus,

m|C| degy > ,
ihdad | — —a<
] (S(N) N a < me(N,Y)

It is therefore enough to find a lower bound for N such that

m|C| degy >’
(6) W(S(N)— N )—a>0.

From Lemma 3.1 we have

(7)

N N/2 N N/2
q 3\ 4\ ¢ q 3\ 4\ ¢
— — 12 1 2 — -] — < S5(N)< — 2 1 2 - =] —.
N <g+ +(g+2)q)N_ ()_N+(g+ +(g+2)q N

Since % = |Gal(E/L")| and 14;2[//2‘“ < 2, from (5) we have

om|C
< 2l N GarB K (20 + 1+ 67) + 25,

(8) “ = N|G] m

Therefore, combining (6) through (8), we obtain

(9)

m|C| degy oy m|C| N/2 [ NJ/2 deg b y / JE

—_— N)— —==— | —a > —— — 2 I(E/K")|(2 1 27—

Il (S( ) N a > N|G\q q co+ N2 +2|Gal(E/K)|(2g+1+0d") + - ,

where cp =29+ 1+ (29+ %) 3.

We thus need to find a lower bound of N such that the right hand side of the inequality
of (9) is positive, or equivalently

(10)
N/2 deer X o Gal(B/KN|(2g+1 + ) + 29
q >Co+w+| al(B/K")|(2g +1+¢") + o
(11)
deg > 2 1
= o+ 22 19| Gal(B/K')|(29+ 1+ 8) + = (1 +|Gal(E/K")|(g — 1) + —D)
q m 2
(12)
B deg, Y , , g—1 2 1
—CO+W+2|G31(E/K)| 29+1—|—5—|—T +E 1+§D
using (4).

Let 1 < B, ¢ < B, D < B, and | Gal(E/K")| < $B + 1. Note if g = 0, it suffices to
take &' < B and D < B only, as it is then automatic that | Gal(E/K’)| < 3D +1 <

11



%B + 1. Therefore, we have that

degy >’ , , g—1 2 1
co + 2 +2|Gal(E/K")| (29 +1+06 te )t 1+§D

B g—1\ 2 1
<o+ —=+(B+2)(20+1+B+7—)+=(1+=B
<ot T +)<g++ + m)+m(+2>

3\ 4 B —1 2 1
§2g+1—|—(29+—>—+T/2+(B+2)(2g+1+3+g—)+—(1+—B)
2)q «q m m 2

2 3\4 B
SBQ+B(2g+3+£)+Gg+3+—g+ 29+ | —+ 5
m m 2 q q/2

>
<B4+ B(20+3+ %) 410946+ + o,
m m  q

where the last inequality uses % < 2. Therefore, it suffices to have
B
PVER

2
N? > (BZ+B(29+3+£>+109+6+—9>+
m m

This can be satisfied if the following two inequalities hold,
2
g 2BQ+B(2g+3+i) 4109+ 6+ =2 and
m m
B

(1 - a)qN/Q > W:

where 0 < o < 1, or equivalently,
1 2
N = 2log, — (BQ+B <2g+3+£) +109+6+—g) and
a m m

1
N >log, ——B.
%8q 7 _ Q@
Taking a = %, the required inequalities become

4 2
N2210gq§<B2+B(2g+3+%)+10g+6+gg) and

N > log,4B.
So if N > mlologqog(BQ+B(29+3+%)+2(5Q+3+%)) and N = k (mod m),
then there is a prime p ¢ ¥’ of K such that degy ¢ = N and Frob,, = C. U

Corollary 3.4. Let the notation and hypotheses be as in Theorem 3.2. Then there
ezists a prime o ¢ ¥’ of K such that Frob, = C and

4 4
degp p < —log, —(B+3g+3) +m.
mo 3

12



Proof. Let M be the integer such that

2 4
Af:——kg%—<B?+B<@+~g+3)+2@g+51+$>+&
mo 3 m m
where 0 < 6 < 1. Let N = M + k’, where 0 < K/ < m — 1 is chosen so that N = k
(mod m). Then N > Zlog, 5 (B*+ B (29 + % +3) +2(59+ £ +3)) and N = k
(mod m). By Theorem 3.2, there exists a prime p ¢ 3 of K such that degy p = N
and Frob, = C. Now,

degpp=N=M+F

2 4 2

_m—logqog(BQ+B(2g+3+%)+1og+6+Eg> +m
0

2 4 2
< log,; (B+2g+3+ L) +m

mo 3 m

4 4
< m—ologqog(3+3g~l—3)+m.

4. BOUNDS FOR THE DIFFERENT DIVISOR

Proposition 4.1. Let ¢ be a rank r Drinfeld A-module which is integral over K and
let £ = (a) be a finite prime of A with a monic. Let ®o(Kyo/K) be the finite part of
the different divisor ©(Ky4e/K). Then we have
(r—=2)(0r—1)
q-—1

dezy. Do(Ks o/ K) < 1 (degKa+ deg A<¢>) |

where { = ¢i°8r*. In addition, if v(aA(p)) = 0 for a finite place v of K, then
v(D(Kye0/Ky)) =0,
where D(Ky ¢/ K,) is the different ideal of Ky ¢/ K,, and w | v is a place of Ky g .

Proof. This is a slightly modified version of [4, Lemma 4.2] which is derived from [17].

Let o € K be a root of a separable polynomial f(X) = boX + b1 X7 + ... + b, X"
with b; € O and byb,, # 0. Then h(X) = b2 1 f(X/b,,) = bebd 72X + by b3 179X 9+
A by DO XM 4 X9 € O[X] s monic. Since h(bpa) = 0 and K(a) =
K(b,«), we may apply Lemma 2.4 to b,a and h(X) to show the different ideal
D(K(a)/K) divides the principal ideal (bpb? —2).

Let £ = (a) and f(X) = @(X). Then f(X) = aX + ... + A(p)d"~V/@ =D xa"
where m = rdegp a (cf. [13, Proposition 13.8]). There are r roots fi, ..., 5, of ¢(X)
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which generate K4 ¢ over K. Using the transitivity of the different (cf. Lemma 2.3),
it follows that

T

(13) D(Kye/K) | (bobl )" = <a (A(¢))<qm*2><qul>/(qu>)

This shows that if v(aA(¢)) = 0 for a finite place v, then v(D(Kye./Ky)) = 0.
Furthermore, taking the degree with respect to K of (13), we obtain

(r=2)(r—1)

degy Do(Kpe/K) < r(degyg a+ pr—

degy A(9)).

O

Although it is possible to obtain a bound on deg (K, ¢/K) based on Proposi-
tion 4.1 and Lemma 4.2, we shall give a slightly more refined bound in Proposition 4.3,
using additional techniques.

Lemma 4.2. Let 5o be an infinite prime of K, K be the completion of K at 0, O
the valuation ring of 00, v the valuation associated to co, and e be the ramification
index of 0 over oco.

Let opr(X)=TX + a1 X9+ -+ a; X9+ 4 a, X9 be a rank r Drinfeld A-module
defined over K, and write ¢gpn(X) = T"X + 0 X9+ ...+ 0 X7 + ...+ b, X" where
n > 1.

Let wy :max{e,—’%w, 1= 1,...,7"} and w, = nwy. Then
Vs (b;
wn2max{ne,—ﬂ:izl,...,frn}.
qZ

Proof. We use induction on n. First note that
G M X) = T A X 4+ DA XD+ 4+ b A XY + b A X

so taking A\, € K with vg(\,) = w, > max {ne, —”’_"q—(ib") i=1,... ,rn} implies that
o (A X) € O [X].

The result is true for n = 1 as w; = max{e, —”6"(1—(;“), 1=1,... ,r}.
— b . . .
Assume w, = nw; > max {ne, —”"’q—(ﬂ) e=1,... ,rn}. Now, consider the terms in

the product

drnir = ¢ opr = (T" +by7+ ...+ b)) o (T + a7+ -+ a,7"),

14



where there are 2(r + 1) types of terms to consider:

b, T :biTqiTi, 1< <rn,

bitlayT =ba? 7, 1 <i<rn,

7 ro__ i 4 .
bit'a, 7" =bal T, 1 <3 <rn,

T Trayr, Tagr?, -+, T"a,7"

We need to show w,;; > the valuations of the coefficients of each type of term,
namely, that for each ¢ with 1 <i < rn,

x(bi
(14) wn+12—v (Z )+e
Vo(b)  ve(aj) ,
(16) Wn+41 Z ne + 1
(17) wn“Zne—mjfZ]), 1<j<r
q

As w, > —”“q—(ib") for 1 < i < 2n, we have that w,;;1 = w, + w; > ‘;’—;l—i-wl >
—“;—J(z?) +w for j =0,1,--- ,;rand i = 1,2,...,rn, so (14) and (15) are satisfied.

: _ v (a) -
Smcewl—max{e,— i ]-1,...,7“},

Wnt1 = (n+1)w; = nwi+ w; > ne+w; > max {(n + 1)e, ne — mjaj), j=1,... ,r} ,
q

so the last inequalities in (16) and (17) are satisfied. O

In the following proposition, we obtain an upper bound on the degree of the different
divisor of Ky ¢/K, which uses mild information from the Newton polygons of ¢,(X),
and takes into account primes of potentially good reduction.

Proposition 4.3. Let ¢ be a rank r Drinfeld A-module which is integral over K and
let £ = (a) be a finite prime of A with a monic. Let D(K4e/K) be the different
divisor of Ky ¢/K. Then we have

r—1
qg—1

degye D (Kyo/K) <1 ( (s dege a+ A(6)) + 2 degye arady A<¢>>> |

15



where s denotes the geometric extension degree of K/F, { = qr <, A(¢) = — >, 7o(¢) degy v,
and for x € K, we let degy radg x := Zv(x);éo degy v (the sums are over every place

vof K).

Proof. Let ¢7r(X) =TX +a; X7+ ...+ a, X7 where a; € O. Let

TN

FX) = (X)) = boX + by X9+ ... + b, X1

rn

brn ﬁ - al

=1

an71

where by = a, by, = a," ', and n = deg; a = degy £. Let a be any one of the q;.

Let o be a finite place of K with corresponding discrete valuation v, and let 7, =
inf {”K (00) = r}. Note 7, > 0. Let K, be the completion of K at p, and

K, /K, be a totally tamely ramified extension with ramification index qm%l, and
ring of integers O,.

Over K/, ¢ is isomorphic to a Drinfeld A-module ¢/ (X) = TX +a; X9+. .. +a. X7,
where a} = a; /A", v (a]) >0, for 1 <i <r, v,(\) =7, and A € K,,/.

Let ¢(X) = bX +b5.X7 + ...+, X" As ) = b/A7~", we have that

From the Newton polygon of f(X), we have that

U@(“T)Q;ZL__11 — (¢ =D '

q'rn _ qrn—l

Pick a p € K’ such that v,(u) = 6 + € where 0 < e < = Now,

TN

q

FOX/ ) = bon/ " [ [(X = 1cw),

=1

16



and we know that g(X) = [[,(X — pa;) is monic and lies in O [X], where O is the
ring of integers of K. Thus, ¢'(X) = u?"~'a/b,,. Hence,

(g (nar)) = v () (¢ — 1) 4+ vp(a) — vy (byn)

g —1

)—qT —

qgr—=1( ¢m—1 (¢ =1)(g" 1)
<q - 1) N

<
— Up(ar) q — 1 m __ qrn—l

qrn -1 1= ql—rn q27‘n—1 _ qrn _ qrn—l +1
: - To +1+v,(a
)qr_l q_l qrn_qrnfl © @( )
qrn_l qrn_q_l_kqlfrn
- T - 1 .
U@(a )((]T—l)(q—l) q—1 To T —l—vp(a)

It follows that

< 8(g™ — 1)+ 1+ v(a) — v (a,

To + 1+ v,(a)

qrn _ qrn— 1

< vy(ar

qrn_l qrn_q_1+q1—rn
v@(D(KW,<M&>/K@/>> < UKJ<CLT) (qT o 1)<q o 1) - q-— 1 Tp + 1+ v@<a>

and

Uo(D(Ky(a)/K,)) < v (D(K (na)/K")) + v (D(K' [ Ky))

qrn_ 1 qrn_q_ 1+q1—7"n
< wv,(a, — To +2+v,(a).
A T DG —1) —1 et

Since 7, < ”g;(f’l), we have that

qrn_1 qrn_q_1+q1—rn
T — 2
U“(a>(qr—1)(q—1) po To + 2+ vy(a)
qrn -1 qrn —q— 1 + qlfrn Up(ar)
> v, (a, _ 2
_Up(a)<qr_1)(q_1) q—]_ qr_]_‘i_ +Up(a/>

1—rn

=v,(a -4
G
> 2.

+2+v,(a)

From Proposition 4.1, we know for a finite place v, of K, v,(D(K(«)/K)) = 0 if
vp(aa,) = 0. It follows that we in fact have that

(18) 0, (DU (0) /) < vyl s =T v o)

where v = 1 if v,(aa,) > 0 and v = 0 if v,(aa,) = 0.

17



Let o € S be an infinite prime of K with corresponding valuation vs, and let
KL /Ks be a totally tamely ramified extension with ramification index qm;_l, and

ring of integers OL .

q'—1

Let 7 (¢) :inf{%—(‘”) = 1,...,r}. Note 7% < 0.

Over K, ¢r is isomorphic to a Drinfeld A-module ¢/,(X) = TX +a/ X9+, . . +a, X7,
where a; = a; /A1, v (al) >0, for 1 <i <7, vg(\) = T, and A € K.

U

Let ¢ (X) = by X +V, X9+. . .+b,, X7". Set w, = max{e,—%—@i) ri=1,... ,r} =1

qz

From Lemma 4.2, we know that w,, = nw; > max {ne, —v&’q(ib;) e=1,... ,Tn}. Thus,

v (b)) > —¢'ne for i = 1,...,rn. As b, = b;/\9 ", we have that
Vso(bi) = —g'ne + (¢' — Do ()
= —¢'ne+ (¢" — 1)7s.

From the Newton polygon of f(X), it follows that

v(;o(ar)‘g—:ll +neqg"™ 1t — (¢ — 1)1 ‘

V(@) > —

qrn _ qrn— 1

Let ps be such that v (fs) = 0s + €00, Where 0 < €4 < qm%l. Now,

TN

q

=1

and we know that g(X) = []Z,(X — psa) is monic and lies in O [X], where O

qrn_l

is the ring of integers of K. . Thus, ¢'(X) = p& ~a/b,,. Hence,

V(9 (1)) = Vs (pse) (@™ — 1) + V(@) — Vo (brn)

. qrn -1
<@ — 1)+ 1+ vx(a) — vx(ay) 71
™mo_ ] ™mo_ 1 ™mo_ 1 =1 _ 1 ™mo_ 1
SU@(CLT)q ( d n —1) + nel _ g g n )To—o+1+vo—o(a)
qr — 1 qrn — qrn— q— ]_ qrn _ qrn—
m_1 11— 1—rn ™mo_ 1 2rn—1 _ . rn __ ,n—1 1
:vo—o(ar)q . 1 + nel . a ql i To + 1+ v (a)
¢—1 q-1 q—1 q" —qm"
qrn —1 qrn -1 qrn —q— 1+ ql—rn
= Vs (a, + ne — T + 1 +vg(a).
(>@“—D@—D q—1 q—1 @)

18



It follows that

(19)
qrn_l qrn_l qrn_q_l_{_qlfrn
Vo (D(Ks(a)/ Ks)) < vslay +ne — To+2+vs(a).

Let ©(K(a)/K) be the different divisor of K («) over K, and p be the set of con-
jugates of o over Kp. Using (18) and (19), we obtain

degy D (K Zmax{vp (Kp(a)/Kp)) : a € Qp}degy P
< nq;”_—ll @;K e(c0/o0) degy c0 — i qq__11+ ¢ U Tp degy P
+ 2degy radg aoczr,
— nq;”_—ll O_O;gg e(oo/oo)% deg 00
4" qq__11+ ¢ ZU: 7p degy P + 2degy radk aa,,
< nq;”_—ll s — " - qq__11+ ¢ Z Tpdeg, P+ 2deg, rady aa,,

v

where the summation runs through all the primes P of K, s is the geometric extension
degree of K/F, and we use the fact that Y ,vp(z)degy P = 0 for x € K. Remark
that >, 7pdegy P <0, so we finally get

™mo__ 1 ™m_g_—1 1—rn
degx D(K(a)/K) < nsd + 4 1 T4 (— ZTP degy P) + 2 degy radg aa,

q—1 qg—1
qrn _ 1
s ns —1 q—l ZTPdegK + 2degy radg aa,
qrn -1
< qg—1 <”5_;7'PdegKP> +2degKradKaar
r—1
< 1 (ns 4+ A(9)) + 2 degy rad aa,
q_
r—1
< 7 (sdegica+ A(¢)) + 2 degg radic al (9)

Using transitivity of the different (cf. Lemma 2.3), and the fact that K ¢ is generated
by r of the roots «;, the result follows. OJ
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Corollary 4.4. Assume the notation of Proposition 4.3. Let ¢1 and ¢p be rank r
Drinfeld A-modules which are integral over O. Let D(K/K) be the different divisor
of K/K, where K = Ky, ¢ Ky, ¢. Then we have

T

| (2sdegy a+ A(p1, da)) + 2degy rad A1) A(¢s) + 4degy a) ,

where A<¢17 QZ52) = A(¢1) + A(¢2)

deg D(K/K) <r (

Proof. The result follows from Lemma 2.6 and Proposition 4.3. U

5. PROOF OF THEOREM 1.2

We first recall some intermediate results which are function field analogues of those
found in [16] (cf. [6]).

Lemma 5.1. We have that
>, degp€>g"

1<degp £<N
for all positive integers N, where the sum is over finite primes £ of F.
Proof. The product of all finite primes £ of F' such that deg £ divides N is equal to
T4 — T, so the inequality follows. O
Lemma 5.2. For any non-zero n € A, there exists a finite prime £ of F' such that
n#0 (mod £) with degp £ <1+ log, degpn.
Proof. Suppose n = 0 (mod £) for all the primes £ such that 1 < degp £ < 1+
log, degp n.

Choose k := |1 + log, degpn], so that k —1 < log,degzn < k, and hence ¢"~' <
degpn < ¢

Then ngdenggk divides n, thus ¢* < degpn by Lemma 5.1. But, degpn < ¢,
which is a contradiction. 0
For the proof of Theorem 1.2, we will require an estimate of the form

20 L e —
(20) v _1+logqx’

for x > C.
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Lemma 5.3. Let c* > 1 be given and set t* =1 — ; L Then we have

n(ge*)

21 S QS
(21) S T eg o

1
(C*)l—t* (M) In(gc*)
I+log, c* = 1+log,c* -

for x > ¢*, where v =

Proof. The inequality

z' v
=T +log, =
is equivalent to
1—t
T ) =— >
f(z,1) [T,z =

For a fixed t, taking the derivative of f with respect to x,
1
flx,t)=a"" <(1 —t)(1+log, x) — E) /%2,
where * = (1+log, z). Hence, f'(x,t) > 0 is equivalent to (1—)(1+log, x) — ﬁ >0,
equivalently,

(22) (1—t)(Ing+1Inz) > 1.

Assuming t < 1, (22) is equivalent to x > e? := (B(t). Thus, for a fixed t < 1,
f(z,t) is increasing with respect to x, when x > £(t); that is, f(x,t) > f(5(¢t),t) if
x > B(t). Now, B(t*) = ¢* and t* < 1, so we obtain

t* * ) < x
for x > c*. O
Lemma 5.4.
(23) log, (7 +y) < max{log,(2z), log,(2y)}
(24) log,(z +y) <log,x +log,y if v,y > 2.

Proof. In order to have z > log,(x +y), it suffices to have
1

—q° > d —1 >
r an

which is equivalent to

z >log,(2x) and =z >log,(2y).

Thus, taking z = max{log,(2z), log,(2y)}, we have log, (v+y) < max{log,(2z), log,(2y)}.
0
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Conclusion of the proof of Theorem 1.2

Let p & S be a prime of K with least degree such that P,(¢1) # Py(¢2), where S
is the given finite set of primes of K outside of which both ¢; and ¢s have good
reduction. Let o be a non-zero coefficient of P,(¢1) — Py(¢2).

It is known that a root v of P,(¢1) or P,(¢2) satisfies

1
Voo(7) = - degy p,

(cf. [10, Theorem 3.2.3(c)(d)], [6, Proposition 9]). This implies that each coefficient
B of P,(¢1) and P,(¢2) satisfies degp 8 < degy ¢ and hence each coefficient o of
P,(¢1) — Py(¢2) also satisfies degr a < degy p, in particular degp op < degy .

We choose a finite prime £ of F' by Lemma 5.2 such that
(25) ap#Z0 (mod £) and degp £ <1+ log,deg g,
and write £ = (a), where @ is monic in A.

Suppose g lies above the prime p of F'. For x > 7, we have that log, » < %(x— 1) (since
if we let f(z) = 3(z —1) —logq:v then f'(z) > 0 for > 7 and f(7) > 0). Hence, we

L@-1)

obtain that z < q%(”_l) so 2 > 1; hence, L > q2 (@=1) for 2 > 7. Thus, noting

—1
s 2 i P{FP Jif ¢ > max{1+210gq3 7} we get that £— > qz(m D> > [éf@}

But then 1f £ = p, we would have that
degpp < 1+ log,degy

f(p/p) dog, p
] F

=1+ log, 22720
+qu[FKIIFF

in other words,

A (@/ L)
where © = degp p = degy £. Therefore, we either have that degp p < max {1 +2log, s, 7}
or £ # p by the above inequality. In the former case, it follows that deg, p <
smax{l + 2log, 3,7}.

Suppose we are now in the latter case where £ # p. Consider the representation
¢2 . GK — AutA/g(gbl[S]) X AutA/g(gbg[E]) = GLQ(A/S) X GLQ(A/E)

where g = pg, ¢ X pg,.e. Let Gg¢ be the image of this homomorphism. Let C¢ be
the subset of G¢ consisting of pairs (a, b) such that the characteristic polynomials of
a and b are not equal. Note that C¢ is invariant under conjugation so it is a union
of conjugacy classes in Gg. Since £ # p, we have that C # (), in particular, there is
some conjugacy class C C Cg in Gg¢ with C # 0.
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Let Se¢ = S U {primes [ of K lying over £}. Then the Galois representation ¢ is
unramified outside Se. We have that A/£ = F, where { = q4°r <,

Let K /K be the field extension associated to 1he and let n (resp. n’) be its degree (resp.
geometric extension degree). Applying Corollary 3.4 to K /K, and using Lemma 2.2
together with the bound for the degree with respect to K of ® = ®(K/K) given in
Corollary 4.4, we deduce that there is a prime P ¢ S such that Frobp =C C C¢ and

4 4
d P<—log - (B
egK = mo qu3( +3g+3)+m7

where
=) p=u=)
peSe peS

degy X' = degy radi A(¢1)A(¢2) + degy £,
B = max {degy ¥/, degz D, 2|Gal(E/K")| — 2,2},

r

degz ® < rn/ < 1 (2sdegy a + A(¢1, d2)) + 2 deg rad A(d1)A(¢2) + 4degy G)

m = [Ff( . FK],mO = [FK . FF]

Then
4 4
degy P < —log, = (B +3g+3) +m,
mo 3
4 4
(26) < —(log, =B +log,4(g+ 1) ) + m,
mo 4 3 a

using B > 2 and Lemma 5.4. Note that regarding B, the terms degj, >’ and
2|Gal(E/K")| — 2 are less than the bound we use for deg; ®, so we can ignore
them later on when we bound B.

Using Lemma 5.4, we obtain

log, degy; ©

r—1 r—1
= log, 7/ ( 1 A(p1, ¢2) + 2degy radg A(pr)A(p2) + (23 1 + 4) deg a)

r

< log, rn’ + log, ( pa— (A(¢1, P2) + 2degy radi A(P1)A(¢2)) + (25 qT_ Tt 4) deg a)

<log,rn’ + max{V1, Va},
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where

r—1

Vl::logq2q_1

(A(¢1, ¢2) + 2degy radx A(P1)A(e2))

r—1
= Iqu 24+ lqu F + lqu (A(le, ¢2) + 2degK radK A(¢1)A(¢2)) s

r

and V5 :=log, 2 (23 1 + 4) deg a

r

< log, 2 + log, 8s + log, q——l + log, degy a
< Vi +log,8s +log, degy a.
Thus,

log, B <log,rn' 4+ V1 + log, 8s + log, degy a

r—1
= log, rn’ + log, 16s + log, q——l + log, degy a + log, (A(¢1, #2) + 2degy radgx A(P1)A(¢2)) -

Since n’ < n = |Ge| < 27, log, ¢ = degp £ = degpa, and degia < sdegpra =
slog, £, we finally obtain

(27)
log, B < log, 16rs® + (2r* + 1) log, £ + log,log, ¢ + log, (A(¢1, d2) + 2 degy radi A1) A(¢2)) -

Note that if log, (A(¢1, #2) + 2degy radgx A(¢1)A(¢2)) = 0, the derivation of the
bound (27) above can be modified so as to obtain

(28) log, B < log, 16rs® + (2r° + r) log, { + log, log, (.

Thus, we have that
(29)

4 64
log, §B <log, g’I“SQ + (2P +r4+1) log, £ +log, (A(¢1, ¢2) + 2degy radx A(d1)A(z)) -

Returning to (26), we obtain

4
(30) degy P < m—o(logq 86rs*(g+1) + (2r* +r +1)log, ¢

(31) +log (A(¢1, ¢2) + 2degy radi A(¢1)A(¢2)) ) +m.
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By construction of Cg, we have that Pp(¢1) #Z Pp(¢2) (mod £). Thus, degy o <
degy P, and from (25), it follows that

4
(32) degy p < m—(logq 86rs*(g+ 1) + (2r* + 7+ 1) log, ¢
0
+ logy, (A(¢1, ¢2) + 2degy radx A(d1)A(¢2))) +m

4
< m—(logq 86rs*(g+ 1) + (2r* + 7 + 1)(1 + log, degy )
0

+ logg (A(¢1, ¢2) + 2deg radg A(P1)A(¢2))) + m.

log, ¥ < 1, we have that

x

As 1—|—logqx2 1,

degy
1+ log,(degg )

< —(d.+ W),

4
mo
where ¢, = 2r* + 7 + 1, d, := ¢, 4 log, 86rs*(g + 1), and

W .= log;‘ (A(¢1, ¢2) + 2 degK radK A(¢1)A(¢2)) + mmy.

If z > d,, then using Lemma 5.3 with ¢* = d, and x = degy p, we obtain

* 4
Pt < 2 (d+W),

<
= L +log,z = mg

where v is as in Lemma 5.3. This implies that

$t* S i<dr+w>7
mg Y
so that
(33)
1 4 1 +log, d,
log, d =log, v < —log, —(d, + W)  ——>2"
0g; degy p = log, v < - log, ) )

. 4 1

S S (logq EO —+ lqu(dT + W) + logq(l + logq d'r‘) — M logq dr)
. 4 1

<s <logq - +log, d, +log, W +log, (1 +log, d,) — m log, dr)
. 4

<s <logq Ho + log, W + log, log, dr) + log,, d.,

using d,,W > 2, and where t* = 111151(1&11_,;1:1 and s* = 57 = ti* = lnl?q(gf)’"ll. We note

when g or 7 is large, s; . tends to 1 from above.
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Substitution of (33) into (32) yields

(34)

1

1 degy o <log, 86rs*(g+ 1) + ¢, (1 + log, degy o) + W

4
< log, 86rs*(g + 1) + ¢, (1 + s (logq - +log, W + log, log, dr) + log, dT> + W

4
2 * *
= log, 86757(g + 1) + ¢, <1 + 5" log, - + log, dr> + ¢,s" log, log, d,
+ W+ ¢.s"log, W
= Cor + W +cps;,. log, W,

where

4
Cyr = log, 86rs%(g+1) + ¢, (1 + s, log, p— + log, dr) + ¢, log, log, d,.
0

Therefore, we either have the above upper bound (34) on deg, p or degy p < d, <
Cy,r, s0 in the end, we get

4
(35) degy p < - (Cop + W + ¢854, log, W) .

Finally, we note from the discussion in the introduction that m < g4, ge,.

6. THE CASE OF RANK 2

In this section, we consider the case of rank 2 and K = F', and explain how to make
all the terms explicit in our isogeny theorem.

For a Drinfeld A-module ¢ of rank 2 over K = F' = F,(T'), the successive minima of
the lattices associated to the uniformizations of ¢ are determined in [2] and this is used
to obtain an explicit bound for the valuation v, (D (K (¢[a])/K)) of the different
of Ky, = K(¢|a]) over K at the infinite prime oo of K and v,(D(K,(¢p[a])/K,)) at a
finite prime p of K, following the work of [9].

The infinite prime case is obtained using the explicit information about the Newton
polygon of the exponential map e, attached to ¢ from its uniformization over C.

Assume the same notation as in the proof and statement of Proposition 4.3, taking
K =F =F,(T) and co = oo, the explicit bounds given in [2] are as follows.
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Let ¢p = T + ai7 + aor?, j(¢) = af*'/ay, and m be the least positive integer such
that —v(j(¢)) < ¢™™'. Then we have

1 if —vs(j(9)) < q

Uoo(D(Koo(Cb[a])/Koo)) < {1 + K (qn+1 — 1) if ¢ < —voo(j(qb)) < qua

— ~U(i(¢)—¢™
where k = W—I—m—l, and
20y(a) if ¢ has good reduction over K,
20y(a) +1 if v,(j(¢)) > 0 and ¢ has

vp(D(Ky(0la])/ Ky)) < bad reduction over K,

205(a) + 1 - Z7u(i(9)) i (i(9) < 0.

Putting this together yields the following explicit bound on the different divisor of
F(¢la])/F when ¢ has rank 2, which can be used in place of the more general bound
that we use in this paper. See Section 7 for a comparison of the two bounds in the
context of our application.

Theorem 6.1. Let ¢ be a Drinfeld A-module of rank 2 over F, and let D (F (¢[a])/F)
be the different divisor of F(¢la])/F. Then

degp D(F(¢la])/F) < 2degpa+ degpn + —1
+ Voo (D(Fis(dla])/ Fio))

where ¢ is the (monic) denominator of j(¢) as represented by a fraction in reduced
form, and n is the product of finite primes p such that ¢ has bad reduction over Fj.

degp 0

Concerning the term g4, we have from [6] that

96 = Gpo0 < (q2 - 1)(q2 - q)V2,¢,oo/V1,¢,oo

where v; 4 o is the i-th successive minima of ¢ associated to its uniformization over
Cs. In [2], the v; 4 » are determined as follows.

Case 1: If —v(j(¢)) < ¢, then vy 400 = 129,00 = =51,
Case 2: If ¢ < —v(j(¢)) < g™, then vy 400 = —51, Vagoo = —51 — K,

in Case 1 and s; = % in Case 2, and m, k are as above.

v(az)+4*
?-1

where s; =

7. COMPARISON WITH WORK OF GARDEYN

In this section, we make some detailed comparisons with the work in [6], where an
effective isogeny theorem is proven.
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For the proof of our Theorem 1.2, an essential ingredient is the bound on the different
divisor given in Proposition 4.3,

(36)
r—1
dogi D2/ K) < 1 (=} (sdogyea + A(0) + 2degyeradic M) + 2degca),

where we recall A(¢) = =) 7,(¢)degy v. The counterpart of (36) in [6] is
(37) degp D(Kpo/K) < rdegy a+ degy Ay

where Ay is a divisor of K which is determined from the Newton polygons of the
exponential functions associated to uniformizations of ¢ over C,, where p is a prime
of K.

Although there is a larger dependence on ¢ in our different bounds when we take
degrees with respect to K, what is required in the application is the degree with
respect to Ky ¢, which necessitates multiplying the degree with respect to K by
n' < ¢°. This means both bounds end up being comparable in their dependence on
¢, as we later take the log, of this degree with respect to Ky e.

The quantity A, is more difficult to make explicit and compare, as we saw in Section 6,
where its determination in the case of rank 2 and K = F' = F (7T is recalled from
[2]. The method in [2] yields the entire Newton polygon and uses Gekeler’s theory of
Drinfeld modular forms as well as Rosen’s theory of formal Drinfeld modules. It may
be possible to obtain weaker information using the more elementary approach of [3]
in the infinite prime case, and to generalize Rosen’s work to higher rank in the finite
prime case, in such a way that Gardeyn’s bounds can be made explicit.

As for the terms g4, it would seem that this also requires some knowledge relating
to the successive minima of the lattices associated to the uniformization of ¢ over
infinite primes.

Finally, two other places of difference are in our use of [12] for the Chebotarev Density
Theorem instead of [8], and in our analytic estimation methods, which differ slightly
from both [6, 16], because we have attempted to reduce the size of the constants in
the different divisor bound, especially in front of the dominating terms.
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